THE REFINED ANALYTIC TORSION AND A WELL-POSED BOUNDARY 
CONDITION FOR THE ODD SIGNATURE OPERATOR 



RUNG-TZUNG HUANG AND YOONWEON LEE 

Abstract. In this paper we discuss the refined analytic torsion on an odd dimensional compact oriented 
Riemannian manifold with boundary. For this purpose we introduce two boundary conditions which are 
complementary to each other and fit to the odd signature operator B. We show that they are well- 
posed boundary conditions for B in the sense of Seeley and show that the zeta-determinants for and 
eta-invariants for B subject to these boundary conditions are well defined by using the method of the 
asymptotic expansions of the traces of the heat kernels. We use these facts to define the refined analytic 
torsion on a compact manifold with boundary and show that it is invariant on the change of metrics 
in the interior of the manifold. We finally describe the refined analytic torsion under these boundary 
conditions as an element of the determinant line. 



1. Introduction 

The refined combinatorial torsion was introduced by V. Turaev ([28], [29]) and further developed 
by M. Farber and V. Turaev ([14], [15]), which is defined by the representation of the fundamental 
group to GL{n,C), the Euler structure and the cohomology orientation. As an analytic analog of the 
refined combinatorial torsion, M. Braverman and T. Kappeler introduced the refined analytic torsion on 
an odd dimensional closed Riemannian manifold ([5], [6]), which is an element of the determinant line 
Det(i?*(M, E)) and defined by using the graded zeta-determinant of the odd signature operator B. Even 
though these two objects do not coincide exactly, they are closely related. In this paper we are going to 
discuss the refined analytic torsion on a compact Riemannian manifold with boundary. For this purpose 
we introduce two boundary conditions which are complementary to each other and show that the refined 
analytic torsion is well defined under these boundary conditions. 

Let {M,g^^) be a compact oriented Riemannian manifold with boundary Y and E M he a complex 
flat vector bundle associated to the representation p : ni{AI) GL{n,C). Throughout this paper we 
assume that the metric g is a product one on a collar neighborhood of Y. We choose a flat connection 
V on i? and extend it to a de Rham operator acting on i?- valued differential forms 57* (ill, E) , which we 
denote by V again. Using V and the chirality operator F (cf. (|2.ip ). we define the odd signature operator 
B hy B = Vr -t- rV, which is a Dirac type operator. It is a well-known fact that a Dirac type operator 
does not admit a local elliptic boundary condition ([17]), which implies that we need to find a well-posed 
boundary condition for B in the sense of R. Seeley ([18], [26]). The Atiyah-Patodi-Singer (APS) boundary 
condition is a well-posed boundary condition for a Dirac type operator, but simple computation shows 
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that the APS boundary condition does not fit to the de Rham operator nor the odd signature operator 
B and hence it is not a proper one for the refined analytic torsion. 

In this paper we introduce new boundary conditions 'P-.Co ^^'^ "P+Xn which are complementary to 
each other and defined by using the Hodge decomposition and the symplectic structure of ^'{Y,E\y) 
under some assumptions (see Subsection 2.5). We show that they are well-posed boundary conditions for 
B in the sense of R. Seeley ([18], [26]). It is not difhcult to see that these boundary conditions fit to the 
de Rham operator and the odd signature operator B (Corollary 12. 13|) and induce the following cochain 
complex (see (14. 2p ) 

d];^^^^ {M, E) A n],^^^ {M, E)^---^ rfpj^f (M, E) ^ 1]^°^^ (M, E) 0. (1.1) 

The boundary conditions V-^Coi 'P+.Ci the realizations B-p_ , B-p^ of B with respect to V-Xo 
and V+Xi satisfy the relations V-,c,X^ = ^^'P+Xi and Sp_^^^r = TBv+,c^ ((ESI), (E^l)- 

We show that the realizations yB-p_ ^^/p^ and B^ ^ c have their spectra in an arbitrarily 
small sector containing the real axis except only finitely many ones (Theorem I2.2ip , which shows that 
we can choose Agmon angles for the zeta and eta functions arbitrarily close to any given angle with 
— ^ < </> < 0. We use the method of the asymptotic expansions of the trace of heat kernels to show 
that the zeta-determinant of B^ and the eta invariant of B subject to these boundary conditions are 
well-defined, from which we define the graded determinant of B acting on even forms under the boundary 
condition V-Xo or "P+Xi and finally define the refined analytic torsion for the complex (|l.ip on a compact 
oriented manifold with boundary. 

The boundary conditions V-Xo and V+Xi are quite comparable with the absolute and relative bound- 
ary conditions in the following sense. If V is a Hermitian connection, B'p_ co/'P+ are self-adjoint oper- 
ators and for each < g < m, kerS^ ^_ ^ = i7«(M, Y; p) and ker;^^ ^ ^ m{M] p) (LemmaHHT]). 
Hence, V-Xo and V+Xi might be good candidates for an ideal boundary condition of the refined analytic 
torsion (cf. [30]). 

When M is a closed manifold and p : 7ri(M) 0{n) is an orthogonal representation, the modulus part 
of the refined analytic torsion is equal to the Ray-Singer analytic torsion ([25]) and hence it is equal to the 
Reidemeister torsion when V is acyclic ([12], [23]). In this point of view, it may be an interesting problem 
to compare the modulus of the refined analytic torsion subject to the boundary condition B'p_ c.„/v+ 
with the Reidemeister torsion when an orthogonal representation p : 7ri(M) — >■ 0(n) is given on a compact 
oriented manifold M with boundary, which will be discussed elsewhere. 

Our paper is organized as follows. In Section 2 we introduce the boundary conditions V-Xo and V+Xi 
for B and show that they are well posed for B. In Section 3 we show that the zeta functions associated 
to B^j,^ ^ ^ acting on g-forms and the eta functions associated to Seven, co/'P+ acting on even 
forms subject to V-Xo and V+Xi are regular at s = by computing the asymptotic expansions of the 
traces of the heat kernels. In Section 4 we define the graded determinant of Seven, /;o/'P+ r.^ and define 
the refined analytic torsion under the boundary condition V-Xo/'P+Xi when the cochain complex (jl.l[) 
is acyclic and Seven,"?, c /'P+ ci invertible. We then show that the refined analytic torsion is invariant 
on the change of metrics in the interior of the manifold. In Section 5 we generally describe the refined 
analytic torsion as an element of the determinant line. 

As a related work, B. Vertman has already studied the refined analytic torsion on a compact Riemann- 
ian manifold with boundary ([30], [31]) but our approach is completely different from what he presented. 
Burghelea and Haller have studied the complex-valued analytic torsion associated to a non-degenerate 
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symmetric bilinear form on a flat vector bundle ([9], [10]), which we call the Burghelca-Haller analytic tor- 
sion. Cappell and Miller used non-self-adjoint Laplace operator to define another complex valued analytic 
torsion and proved the extension of the Cheeger-Miiller theorem ([11]), which we call the Cappcll-Millcr 
analytic torsion. Inspired by the result of B. Vertman, G. Su ([27]) and the first author ([20]) studied 
the Burghelea-Haller analytic torsion and the Cappell-Miller analytic torsion, respectively, on a compact 
oriented Riemannian manifolds with boundary. We think the boundary conditions V-^Cq and Vj^^Ci 
may also work to define the Burghelea-Haller and Cappell-Miller analytic torsions on a compact oriented 
Riemannian manifold with boundary, which will be discussed elsewhere. 



2. The boundary conditions V-^Ca and V+^Cx the odd signature OPERATOR B 

We begin this section by describing the odd signature operator B on a compact manifold with boundary 
when the product metric is given near the boundary. And then, we discuss the boundary conditions V-^Cq 
and V+Xi ^'^'^ signature operator B. 

2.1. The odd signature operator on a manifold with boundary. Let [M^g^] be a compact 
oriented odd dimensional Riemannian manifold with boundary Y , where is assumed to be a product 
metric near the boundary Y. We denote the dimension of M by rn = 2r — 1. Suppose that p : 7ri(M) 
GL{n, C) is a representation and E = M XpC" is the associated flat vector bundle, where M is a universal 
covering space of M. We choose a flat connection V and extend it to the de Rham operator 

V : n*{M, E) ->■ n*+\M,E). 

Using the Hodge star operator *m, we define the involution T = T{g'^) : Vf{M,E) VL"'-*{M,E) by 

rw :=r(-i)'^ *MW, w e r2«(M,£;), (2.1) 

where r is given as above by r = ^^^^ . It is straightforward to see that = Id. We next define the odd 
signature operator B by 

B = B{y,g^) := TV + WT: n'{M,E) n'{M,E). (2.2) 

Then B is an elliptic differential operator of order 1. Let iV be a collar neighborhood of Y which is 
isometric to [0, 1) x Y . We have a natural isomorphism 

: nP{N, E\n) ^ C°°([0, l),nP{Y, E\y) ® nP-'{Y, E\y)), (2.3) 

defined by \E'(wi + duA UI2) = (011,012), where u is the coordinate normal to the boundary Y on N. Using 
the product structure we can induce a flat connection : fl*{Y,E\Y) fl*~^^ (Y, E\y) from V and a 
Hodge star operator *y ■ ^'{Y,E\y) — )• Q'^~^~'{Y, E\y) from *m- We define two maps /?, by 



P : nP{Y,E\Y) ^ nP{Y,E\Y), Piio) = {-Ifu 
■.nP{Y,E\Y)^n"'-^-P{Y,E\Y), r^(w) = r-i(-l)^^ *yoj. 
It is straightforward that 



(2.4) 



/32 = Id, F^r^ = Id. (2.5) 

Then simple computation shows that 

r = «r>(°-M, v = (» nv,..(; Mv>, (2.6) 



10 /' VlO/VO-1 
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and we have, under the isomorphism ()2.3p . 



r J / 1 \ _ / -I 



vr = -z/3r^^( I i)va„ + (_°^ )r^v^r^^ (2.7) 



Hence the odd signature operator B is expressed by 



The equations (|2.4I) and (12.51) show that 

(_j/3r^) (-z/3r^) = -w, (-z/3r^) (v^ + r^v^r^) = - (v^ + r^v^r^) (-*/3r^) . (2.9) 

Since VguV^ ~ V^Va„, we have 



where 



2.2. Green formula for the odd signature operator. We begin this subsection with the following 
definition. 

Definition 2.1. For e il'^{M,E) we write (p, on a collar neighborhood [0, 1) x Y, by 

= 0tan + duA 0nor, 

where </)ta„ e C°°([0, 1), ri'?(y, and 0nor G C°°([0, 1), ^^k))- 

We now choose a fiber metric for the flat bundle E so that together with the Riemannian metric 
5*^ we define an L^-inner product ( , )m on il'{M,E). We choose the dual connection V' with respect 
to satisfying the following property. For ip, ip C°° (M, E) , 

d{h^{(j), V)) = /i^(V0, ij) + h^{(j), v'v). 

We then extend V to the de Rham operator V : n'{M,E) -J> n'+^{M,E). The following lemma shows 
that the formal adjoint of V is TVT and the formal adjoint of B is B' := TV + VT. When V = V, we 
call V a Hermitian connection with respect to the metric . We also define an L^-inner product { , )y 
on r2*(y, using , *y and h^ly, where g^ , *y are the metric and Hodge star operator induced 
from g^ and *m- 

Lemma 2.2. (1) For (j) e Q.'i{M, E), £ ^"'-^{M, E), (Ft/), V)m = (</>, rV')M. 
(2) For (j) e n'^{M, E), ?A e r2«+i(M, E), 

(V0, iP)m = ((/>, rVTV')M + ('/>tan|y, V'nor|Y)y- 
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Proof. The first assertion is straightforward. For the second statement we may assume that 

= 0;® a, = ^i^b, 

where cj e f^'?(Af), ^ e f7«+i(M), and a, b G C°°{M,E). Then simple computation shows that 

(V0, V)m = / d{h^{a,b)ujA*M^)- I /i^(a, V'b) A w A *AfC - (-1)* / /i^(a, b)w A d *Af C 

= / h^{a,b)uj A*m£.- I /i^(a,V'b) AwA*Afe+ / {a,b)uj A *Md*£.. 

JdM JM JM 

On the other hand, we note that T?/' = T^ (g) b and VTV' = dr^<^b + (-l)'^r^ A V'b, which leads to 

rv'rV' = rdr^(8)b + (-i)T(r^AV'b) 

= d*^(^b-*M((*A/OAV'b). 

By direct computation we have 

(0, rV'rV')Af = / h^{a,b)LjA*Md*£.- [ {a,\/'b) A uj A *m£., 

JM JM 

which proves the second statement. □ 

We denote by V'^ the induced connection on Y from V' and By ■= F^V'^ + V'^F^. Then the adjoint 
of is V^V'^F^ and the adjoint of By is By, and hence ^{By + By) is a self-adjoint operator and 
^{By — By) is an operator of order 0. We express B by 

(2.11) 

which shows that S is a Dirac type operator (see (|2.33l) below). The following corollary gives the Green 
formula for the odd signature operator B. 

Corollary 2.3. (1) For <j) e ni{M,E), ^ G Vr-'i-^{M,E), 

(FV0, 4')m — (0, FV'-0)a/ + ('/'tan y)y- 

(2) For 4> e Q.i{M,E), ?/> € Vr^~'>+^{M,E), 

(VF0, V)m = (0, V'F?A)m + (0nor|Y, «/3F^ Vnor | F )r • 

(3) For 0, V G f^'=™"(Af, £;) or n°'^'^{M, E), 

{B^, - (0, S»Af + (0tan|y, */3F^(V'ta„|y))y + (0nor|y, i/3F^(V'nor|y))y. 

We next discuss a simple application of Corollarv l2.3l Let V be a Hermitian connection, i.e. V — V. 
We define W{Y,E\y) and ■H'(r,i;|y) by 

W{Y,E\y) :=kerV^nkerF^V^F^nl7'?(r,£;|y), •H*(r,£;|y) := ©"=o^-H'?(r, i;|y). (2.12) 

Then for each q, '^^(F, i?|y) is a finite dimensional vector space. If V0 = FVF0 = for e VL'{M,E), 
simple computation shows that <p is expressed, near the boundary Y , by 

</> = V^0tan + 0tan,/«+dMA(F^V'*'F^0nor+0nor,/i), 0tan,/i, </>nor,;i G (F, -B| y ) . (2.13) 
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We denote K. by 



ic := {0ta„,/. e e\y) I = rvr<^ = o}, (2.i4) 

where has the form (|2.13p . The first assertion in Corollary 12. 31 shows that K, is perpendicular to JC. 
If satisfies V(/) = WTcf) — 0, so is F^. Hence 

r^/c = {0„or,h e | - rvr^ - o}, (2.15) 

where has the form (|2.13p . We then have the following lemma (cf. Corollary 8.4 in [21]). 

Lemma 2.4. Let V he a Hermitian connection and K. he defined hy ^2.14^ . Then 

JC®r^lC = n'{Y,E\Y). 

Hence, {H'{Y,E\y), ( , )y, —i(3r^) is a symplectic vector space with Lagrangian suhspaces JC and T^JC. 
In particular, H^^^iY, E\y) is a symplectic vector space with Lagrangian suhspaces H^^^lY, n/C and 

w^^{Y,E\Y)nr^JC. 

Proof Since /C ® T^IC C 'H*{Y,E\y), we have dim/C < ^ dimn' (Y, E\y) ■ For the opposite direction 
of the inequality we are going to use the scattering theory for Dirac operators ([19], [24]). Let Mqq ■— 
M Uy ((— oo,0] X Y). We extend E, V, B to M^o canonically, which we denote by E^o, Voo, Boo- Let 
£iim be the space of the limiting values of extended L^-solutions of Boo- We refer to [1], [3], [19], [24] for 

the definitions of the limiting values and extended L^-solutions of Boa. Obviously, £iim C 

The scattering theory tells that 2 • dim £iini is equal to the dimension of the kernel of the tangential 
operator of 6 (cf. [19], [24]). Hence, 



vyjc ) - 2'^''^\n'{Y,E\Y) 

from which the result follows. □ 



2.3. Even dimensionality of TV ^{Y,E\y)- For each < g < 2r — 2 we generally define 

'H'i{Y,E\Y) := ker n kerF^V'^F^ n n'i{Y,E\Y). 

Using the fact (V^)* = F^V'^F^, we can decompose ^^{Y, E\y) orthogonally into 

^11{Y,E\y) = (lmV^nri?(r,£;|y)) ® [imV^V'^T^ r^n'i{Y,E\Y)) ®W{Y,E\y). 

In this subsection we are going to show that H^^^{Y, E\y) is an even dimensional vector space. We begin 
with the following definition. 

Definition 2.5. Let (j) = + du A (j)2 £ r2'?(M, E) he an E-valued q-form expressed on a collar neigh- 
borhood ofY. Then : 

(1) <j) satisfies the absolute boundary condition if (j)2\Y =0 and (y du4'i)\Y = 0. 

(2) (j) satisfies the relative boundary condition if (j)i\Y — and (S/ du4'2)\Y — 0. 
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We denote by O'j,^ (M, E) , fi'^^ (M, E) the spaces of -E- valued differential forms satisfying the absolute 
and relative boundary conditions, respectively. We also denote by 



nl^^iM,E)=kerVnkerTV'Tnnl^^{M,E), nlJM,E) = kevV nkevVW nnUM,E). 

We next define the twisted chain complex as follows. Let M — >■ M be a universal covering space and 
p : TTi{M) — >• GL{n,C) be a representation. Let K, L be smooth triangulations of M, Y, respectively, 
and K, L be the liftings of K, L to M. For < g' < 2r — 1 we define 

Cg{K,p) = Cq{k) ^pC\ Cg{K,L,p) = Cg{K,L) (^pC". 

We define the corresponding cochain complex by 

C'i{K,p) = Homp{Cg{K),Cn, C'i{K,L,p) = Homp{Cg{K,L),C")- 
Then de Rham map, denoted by induces the following isomorphisms (cf. Theorem 3.1, p. 787 in [8]). 

: nl,{M,E) ^ H''iM,p), $g : U%i{M,E) ^ m{M,Y,p), 
^Y,q : W{Y,E\y) ^ Hi{Y,p) = m (Hamp{C,{L),£^'^ . 

Moreover, by the Poincare duality denoted by ^, we have the following isomorphisms. 

: H'^{M, r, p) ^ Hrn-,{M^ P). *9 : H-^iM, p) ^ H^m-qiM, Y, p), 

^Y,g : H1{Y,p) ^ Hm-l-g{Y,p) = Hm-l-g (C^L) ®p C") . 

For q = r — 1 = \ dim Y we have the following commutative diagram. 



H'-^iM.p) — ^ H'-^iY^p) — ^ W{M,Y,p) 



Hr{M,Y,p) Hr-l{Y,p) Hr-l{M,p) 

Here j : Y ^ M is the natural inclusion and 6 and S are connecting homomorphisms. We note that j* 
and j* are duals to each other, and hence they have the same rank. The exactness of the rows and the 
commutativity of the diagram lead to the following lemma (Theorem 10.4 in [7]). 

Lemma 2.6. 

dime H^~^{Y, p) = dimclmj* -fdimclmj = dimclmj* -|-dimclmj* = 2 dimclmj*. 
Hence, 'H'^~^{Y,E\y) is an even dimensional vector space. 



8 



RUNG-TZUNG HUANG AND YOONWEON LEE 



2.4. Structure of L'^fl'i{Y, E\y)- We next discuss the spectral decomposition of L^fl'^{Y, E\y) with 
respect to By- We recall that the adjoint of By is By and denote the spectra of By and By by {Afc | k — 
0; 1, 2, • • • } and {Afc | fc = 0, 1, 2, • • • }, respectively. For each < q < m i^il'(Y, E\y) is decomposed into 
the sum of generalized eigenspaces of By or the generalized eigenspaces of By, i.e. 

L^n^Y,E\y) = ®Zo^k{Y,E\y) = ®ZoKiy^E\y), (2.16) 

where Ak{Y, E\y) and A'^.{Y, E\y) are the kernels of {B'^ - Afc/)™" and {B'-^ - Afc/)"" for some nik £ N, 
respectively. 

Lemma 2.7. For k ^ I, Afc(F, /?|y) and K\{Y,E\y) are perpendicular each other. 

Proof. We may assume that Afc ^ 0. If By4>i = Xk4'i ^nd Byipi = Xitpi, it is easy to see (^i, iPi)y = 0. 
Suppose that ip2 G AJ(F, E\y) such that {B'^ ~ A;/)V'2 = V^i- Then i3^V'2 = A;V'2 + ipi and 

('/'I, l/'2)l' = -^-('By'/'l, '«/'2)l' = T-(01, 'BF'02)y = T-('/'l, A;'02 + = t^(01, A/l/'2)y 
Afc Afc Afc Afc 

Afc 

which shows that 'ip2)Y — 0. Repeating this argument proves the lemma. □ 

2.5. Boundary conditions for B. In this subsection we define a boundary condition which fits to the 
refined analytic torsion. We first define 7iy{Y, E\y) and H^{Y, E\y) by 

n'^{Y,E\y) (kerV^nkerr^V^r^)nr!9(y,/;|y), n'y{Y,E\y) :=®™-iH^(r,/;|y). (2.17) 

We first note that generally the kernel of By is possibly bigger than 7i^{Y, E\y), which is the case that 
we want to avoid. Moreover, we want 'Hy~^(Y, /i'ly) to be a symplectic vector space. For these reasons 
we make the following two assumptions all through this paper. 

Assumption A : kerfif,nlmV^ = ker;Bf, n ImF^V^F^ = {0}. 
Assumption B : dimker(F^ - I) = dimker(F'*" + /) on n^^\Y,E\y). 

Remark : (1) The Assumption A implies kerfif, = kci By = 'H^iY,E\y) (Corollarv [2A0l below). 

(2) The Assumption A implies that n'^^iY^E] y) is an even dimensional vector space (Corollarv 12.101 
below) and the Assumption B implies that 'H'^^{Y, E\y) is a symplectic vector space. 

(3) If the connection V is Hermitian, i.e. V — V, then By satisfies the Assumption A and B (Lemma 
12. 4p . If By is invertible for all g- forms, the Assumption A and B are trivially satisfied. 

We suppose that Aq = and Ao{Y,E\y) is the generahzed 0-eigenspace of By (cf. (|2.16p V 

Lemma 2.8. The fallowings hold under the Assumption A: 

(1) If{Blf(l)^Q, thenBl(j)^Q. Hence, ko{Y,E\y) ^keiBl-. 

(2) kevB!^nlmV'^ = kerB'^ nlmT^V'^T^ = {0}. Similarly, A'^iY, E\y) = kev B'^ . 
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Proof. (1) We assume that ^ = B^(f> = r^W^r^W^(P + W^r^W^r^(p € keiB^. Since commutes 
with V'*', V^i; = V^r"^V^r"^V^(/) belongs to kerSy nlmV^, which is by the Assumption A. Hence, 
pyyYpyyY^ £ kcT By n ImF^V^r^, which is again by the Assumption A. Similar argument with 
r^V^r^ shows that V^F^V^F^^ = 0, which completes the proof of the assertion (1). 
(2) Suppose that V^(t> e Im V'^ n kerS^. Then for any V G Ao(r, E\y), 

since F^V'^F^V S kerSf.nlmF'^V'^F'^ = {0}. This shows that V''*'^ e Ao(r, Since A;)(r, 

is perpendicular to ©fc^iAfc(F, E\y) by Lemma [277l is perpendicular to L^il'^{Y, -Ely), which implies 

that = 0. Similar argument shows that if F'^V'^'F^^ G ImF'^V'^F'*' n kerS^, then F^V'^'F^^ = 

0, which completes the proof of the second assertion. □ 

The Assumption A implies that Im V'^ n ImF'^V^F'^ = Im V'"*^ n ImF^V'^^F'*^ = {0}. Moreover, we 
have the following decompositions. 

n^Y,E\Y) - ImV^elniF^V'^F^e (kerV^nkerF^V'^F^) 
= Im e Im F^ V^F^ (ker V'^ n ker F^ V'^F^) 
= Im V'^ ® Im F^ V'^F^ ® (ker n ker F^ V^F^) . 

Here we should mention that the first decomposition is orthogonal but Im V^0lmF^V^F^ and Im V'^® 
ImF^V''*"F'*" are not necessarily orthogonal and (im V"*" ® ImF'*"V'*"F^)^ = (ker V'^ n kerF'^V'^F^) 
and (imV'^ ® IniF'^V'^F^)^ = (ker n ker F'^V'^F'^) . 

Lemma 2.9. Let prj,gj.g2^ and prj.(,j.g/2 be the orthogonal projections onto kerV^ nkerF^V^F^ and 
ker V'^ n kerF^V'^F^, respectively. Then under the assumption A, the following statements hold. 

(1) prjjj,j.g2^ : ker H kerF^V'^F^ — >■ ker H kerF^V^F^ is an isomorphism. 

(2) prkorB^ : ker V'*' n kerF'*'V''*'F"^ ker V'^ n kerF'^'V'^F^ is an isomorphism. 

(3) prkcrs^ : ker V'*' n kerF^V'^F'*' ker n kerF^V'*^F^ is an isomorphism. 

In particular, the dimensions o/ker V'^'nkerF^V'^F'*^, ker V^flkerF^V^F^ andker V'^'nkerF^V'^F^ 
are same and even by Lemma \2.6l 

Proof. We are going to prove the assertion (1) and we can carry out the same argument for the proof 
of the assertions (2) and (3). We first consider pi\„is^^ ■ ker nkerF'^V'^'F^ ker nkerF^V^F^ 
and suppose that (/> = for (/> e ker n kerF^V'^F^ n ^"^{Y, E\y). Then we can express (j) by 

= + F^V''^F^02 for some (j>i e n''-\Y,E\Y), (/)2 e £;|y). 

Applying F^V'^F^, we have 

= F^V'^F^0 = F^V'^F^V'^01. 
By (2) in LemmalllHlwe have W^(f)i = and hence (p = F^V'^F^^a- Since 

W^4> - V^F^V'^F^02 - V^(V^)>2 = 0, 
we have F^V'^F^(/)2 = 0. Hence, pi\^j.ig2^ is injective and 

dim (ker V'^ n kerF'^V'^^F^) < dim (ker V'^ n kerF'^'V^F'^) . 
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Similarly, the orthogonal projection from ker n kerF^V^F^ to kcrV^ fl kerF^V'^F^ is injective 
and hence 

dim (ker n kerr^V'"^r'>^) > dim (ker n kerF^V'^r^) , 
which shows the assertion (1). □ 

Remark : It's not difficult to see that WkevB^ '■ ker V'^nker F^V^^F^ ker V^nker F^V^F^ commutes 
with F''^. Hence, the Assumption B implies that F''^ : ker V'"^ n kerF^V'^F''^ kevV^ n ker F'^^V'^F^ 
is a linear map of trace 0. 

Corollary 2.10. Under the Assumption A, the following decompositions hold. 

n'(Y,E\Y) = ImV^elmF^V'^'r^® (kerV^nkerF^V'^r^) 
= Im e Im F^ V^F^ (ker n ker F'^ V^F'^) 
= Im V'^ e Im F^ V'^F^ (ker V'^ n ker F^ V'^F^) . 

Here the first decomposition is orthogonal but the second and third decompositions are not necessarily 
orthogonal. The dimensions of the last summands are equal and even. In particular, we have ker By = 
ker V''^ n ker F'^ V^F'^ and ker B'^ = ker n ker F^ V'^F'^ . 

We note that 

n'{Y,E\Y) = ImV^eImF^V^F^eWv(^>£^k) 
and define projections V-, V+ and Vu 

V+, Vh:^'{Y,E\Y)®9.'{Y,E\Y)^n'{Y,E\Y)®n*{Y,E\Y) 

as follows. 

1 



1 



1 
1 



V+ = (F^V^F^V^ + V^F^V^F^+prke.B^2) ' F^V^F^V^ 
Vh = I-V--V+. 

/ ImV^ \ / ImF^V^F^ 

Then V-, P+ and Vh are (not necessarily orthogonal) projections onto 



, ImV^ y V ImF^V^F^ 

(T~L* (Y E\ ) \ 
y ' „| ^ I , respectively. Moreover, 'P± are ^DO's of order and Vh is a smoothing operator. 

The Assumption B implies that '^^"'^(y, is a symplectic vector space and hence ^.^{Y, E\y) is 
also a symplectic vector space. We choose a Lagrangian subspace fC of Hy^Y, E\y) so that 

H^{Y,E\y) = /CeF^/C. (2.18) 

We put 
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and we define 

^-,£0 VcoVh, V+x^ ^V++ Vc^Vh, (2.20) 

where Vcq/Ci is the projection onto Cq/Ci with vanishing on Ci/Cq. Then Cq, £i, V-Xo ^-i^d V+.Ci 
satisfy 

r/:o = A, TCi^C^, V-x„T = TV+,c,- (2.21) 
In Subsection 2.6 we are going to show that V-^g and V+x^ give well-posed boundary conditions for B. 

Remark : If V is a Hermitian connection, Lemma 12.41 shows that we can choose JC canonicahy. 

We define the realizations B-p_ j ^V- c ^^"^ operators B, B^ with domains 

Bom{Bv_J = {^€n*(Af,i?)|P_xJV|y)=0}, 

Dom(B2,_ ^J - {^Gr!'(A/,i?)|7'_,£„(V|Y)=0, P_x„((SV)|y)=0}. (2.22) 
Similarly, we define the domains of B-p_^ , B^^ ^ by 

Bom{Bv^J = {iJen'{M,E)\V+x^mY)^0}. 

Dom(e2,^^J = {iJe^l'{M,E)\V+x^iiAY)^0,V+.c^{{B^P)\Y)=0}. (2.23) 

The equality (|2.2ip shows that F maps Dom [B-p_ ) isomorphically onto Dom [B-p_^ ) and vice versa. 
Moreover, we have 

r = rsp^,^. (2.24) 

Specially, if V is Hermitian with respect to , i.e. V = V, then B-p_ and B-p_^ satisfy the following 
properties. 

Lemma 2.11. Let V be a Hermitian connection and K, he chosen by \2.14^ . Then B-p_ and B-p^ 
are self- adjoint operators and for each < q < m 

kerB,V_,.„ = KJM, E), kerS,^^^^ = nl^{M, E). 

Proof. We are going to prove the lemma for the operator B-p_ . The same argument works for B-p^ . 
The self-adjointness comes from Corollary 12.31 and hence kerS^p_^ — kerSp_ n Qfl{M,E). Let 
(j) e nl^iiM, E). Then near the boundary Y (j> has the form of (cf. I^J^ - 

= v^0i + duA (r^v^r^02 + (t>2M) with (v^<^i)|y = 0, 4,2^ e r^JC. 

Hence, 

^-Xo((V^</>i)|y)=0, 7'-,£j(r^V^r^</)2)|y+02,/.) =0, 
which shows that e kerSp_^^^ n r2«(Af, i?). Let e kerS-p_ n fi'?(M, £;). Then near the boundary 
Y (j) has the form of 

= v^0i + 0i,,, + duA(r^v^r^02 + 02,;,), 4>i,h^lC, h,heT^lc. 

Since S Dom {Bq^-p_ 

7'-,£o(V''0l|y + <AijO = V^0i|y + <^i,„ = 0, P-.£o(r''V^r^</)2|y + 02,/.) = 0, 

which shows that </> £ "H^^; (Af, £^) . This completes the proof of the lemma. □ 



12 



RUNG-TZUNG HUANG AND YOONWEON LEE 



The next lemma shows that the boundary conditions V-Xo ^^'^ 'P+.Ci fit well to the graded structure 
of n'{M, E) and the odd signature operator B. 



--+,£1 



ana are 



Lemma 2.12. (1) If ^jj £ Dom yBp_ ^ j , then VtA belongs to Dom [B-p_^ 

(2) If ip Dom (j3p ^ ^ is an eigenform of B^ with eigenvalue , then 'S/ijj belongs to Dom {b^^^ ^ 
and an eigenform of B^ with eigenvalue . 

(3) Let ipi, - ■ ■ jipk be generalized eigensections of B^ with a generalized eigenvalue in Dom {Bj, ^ 

satisfying [B^ — X'^)i^j — V-'j-ij where ipc = 0. Then Vt/'i,--- , V^Afc belong to Dom ('s^, 
generalized eigensections of B^ with a generalized eigenvalue A^ . 

(4) Similar statements hold for Dom {b^^ ^ 

Proof. (1) We note that for ip E f2*(M, -0 is written on a collar neighborhood of Y by 

where f \ e ImV-Xo and f \ e Im^+,£i- The fact e Dom ^ J implies that 

V't"a„k = fcr|y = 0. (2.25) 



We note that by ([M 



The above equality with (|2.25l) shows that 
The fact Bip G Dom ) implies 

Va„V'ttnlF = Va„V'+rlF = 0. (2.28) 
Hence, if G Dom , then (|2.25p and p.28p show that t/" satisfies 

VTank = V-nork = 0, ^ du^t.nW = ^ du^torW = 0. (2.29) 

We next note that by (|2.6p 



This equality together with (I2.29P leads to 



which shows that V?/; G Dom (.Bp^ ) . 
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(2) We suppose that ?/' belongs to Dom \ Bif,_ ^^j with — \ ip. Clearly Vi/' is an eigenform of B 
with eigenvalue A^. On a collar neighborhood of Y we have 



2 I / -'^ ^\ I^Y I T^yYvyT^VA^l ( ^tan + ^tan 



-VLV„or-V|„V+r+^YV'nor+^yV'+or / Wnor + V'+or ' ' 

Simple computation using ([Z26| shows that 



which leads to 



The equation (j2.30p shows that 
Since V'tanl^ = 0, we have 

VL^t"a„k =0. 

This equality with (|2.3ip shows that 

(S(V^))|y eDom(Sp^,^J, 

and hence (Vip) G Dom ^ . 

(3) If -01, • • • , ipk are generalized eigensections of B^ with the corresponding generalized eigenvalue A^, 
then obviously so are V^Ai, • • ■ , VV'fc- We now consider tp2. We write V'2 = '02'tan + V'2'tan + A (V'2!nor + 
ip2nor) above. Since B'^'ip2 = A^V2 + "01, we have (cf. (j2.30p ) 

-^du^2Mn - ^du^2Mn + ^Y^^IM^ + ^Y^2Mn \ ^ \^ ( ^Z^tan + V'^tan V ^IM^ + '/'l^tan 



By ([QT]) we have 



(2.32) 



i Va„l/'2,tanli' " V i V ^Pa.tanl^ / V i V;2_ta,n I 



From (|2.32p we have 

-VLV'^tan + ^rV'^tan = ^^^tan + V-l'tan 

and '^1u'^2Mn\Y = by (|2.29|) . which shows that (S(V^2))|y e Dom (^Sp^^ J and hence V-02 € 
Dom iBj, ^ 1. Repetition of this argument completes the proof of the assertion (3). □ 



Since F maps Dom (S73_ onto Dom (S-p^ isomorphically and vice versa (cf. (|2.24p ). the above 
lemma can be rewritten as follows. 
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Corollary 2.13. (1) If t/j e Dom i^B'^_ ^ J , then TWip belongs to Dom (S-p_^ J n kcr (rVF) and WTip 
belongs to Dom (^B-p_^^) n ker V. 

(2) If -tp G Dom ^ ^ is an eigenform of with eigenvalue \^ , then Wij; and Wij) belong to 
Dom {b^ ^ ^ and are eigenforms of B^ with eigenvalue . 

(3) If ipi, ■ ■ ■ jipk are generalized eigensections of B^ with a generalized eigenvalue in Dom (^B^_ ^ ^ , 

then both TS/^pi, • • • , FV'i/'/c and Wi/ji, • • • , belong to Dom (^B^ ^ ^ and are generalized eigensec- 

tions of B^ with a generalized eigenvalue . 

(4) Similar statements hold for Dom (^B^^ ^ ^ . 

In the next subsection, we are going to discuss the well-posed boundary conditions developed by Seeley 
([18], [26]) and show that both V-,Co and V+,Ci give well-posed boundary conditions for the odd signature 
operator B. 

2.6. Well-posed Boundary value problem for Dirac type operators. In this subsection we de- 
scribe briefly the well-posed boundary value problem for a Dirac type operator on a compact oriented 
manifold with boundary. We refer to [18] and [26] for more details. Let X be a compact manifold 
with boundary Y and F X be a Hermitian vector bundle of rank k over X. We suppose that 
T> : C°°{F) — >■ C°°{F) is a first order elliptic differential operator on X and on a small collar neighbor- 
hood of Y assume that T> is represented by 

V = G{du + A + uPi + Po), (2.33) 

where G is a bundle automorphism of F\y, A is a self-adjoint elliptic differential operator of order 1 
acting on C°°{F\y) and Pj (j = 0, 1) are differential operators of order < j. We call V a Dirac type 
operator. For s > ^, we define the Cauchy data space iV^ by 

Nl ^ { (t>\Y \ (/) & H'{M, F), V(l>^0} 

and define the Calderon projector C+ by the orthogonal projection from H''^^ {Y, F\y) to iV^. We 
put C- = I - C+. We denote by aL{C^)ix' ,^') : T*Y -> Aut{F\Y) the principal symbols of C± and 
N±{x'X') = Im(crL(C=^)(x',C')) C C^. The following definition is due to Seeley ([18], [26]). 

Definition 2.14. (Well-posedness). Let X be a compact oriented manifold with boundary Y and T> : 
C°°{F) C°°{F) be a Dirac type operator. Suppose that B : C°°(F|y) C°°(F|y) is a classical ^DO 
of order 0. Then B is well-posed for T) when : 

(1) The mapping defined by B in H''{F\y) has closed range for each s G M. 

(2) For each (x',^') G T*Y with \\ C |h 1. the principal symbol b^ {x' , C) for B maps N-\-{x' injectively 
onto the range of b^{x' in C'' . 

When B is well-posed for T>, the realization T>b is a Fredholm operator and has a compact resolvent. 
In particular, its spectrum is discrete and each generalized eigenvalue has a finite multiplicity. Let n> be 
an orthogonal projection onto the non-negative eigenspaces of A, where A is the self-adjoint tangential 
operator in (|2.33|) . It is a well-known fact that CTL(n>)(x', ^') is an orthogonal projection onto the space 
of positive eigenvectors of ctl(A)(x', ^'). If 2? is a Dirac type operator, it is also a well-known fact that 
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C+ — n> is a classical ^PDO of order —1 and hence ctl(C+)(x', is an orthogonal projection onto the 
space of positive eigenvectors of (Jl{A){x' , ^'). 

Now we go back to the odd signature operator. Comparing (I2.1ip with (|2.33l) . we have 



2 V -1 
where we note that 

It is well-known (cf. p. 47 in [16]) that 

crL(V^), (7L(r^V^r^) : T*Y ^ Aut{{/\'T*M (E)E)\y) 

aL(V^)(a;',C')H=*e'Ac., ai(r^V^r^)(x', OH = -^^'^ (2.34) 
where f'j is the interior product with This leads to 



-i(^'A-f'j) ) \ {A'T*M ^E)\y ) ^ \ {A'T*M ^E)\y 



Simple computation shows that 

the positive eigenspace of — «(^' A — ^'j ) = {|| ^' \\ uj — i^' A uj \ ^'j uj ~ 0}, 
the negative eigenspace of — A — ^'j ) = {\\ ^' \\ uj + i^' A uj \ ^' uj — 0}. 

Hence, the positive eigenspace of (Jl{A){x' ,^'), which is N+{x',^'), is spanned by 

W \\lu-iC Aoj J \ -W Wlj-iC ALU J ' ^ ' 

and (TL(C+)(a;', ^') is an orthogonal projection onto the above space. 

We next compute the principal symbols of V- and V+ by using (|2.34l) . We first note that 

a, (^(r^v^r^v^ + v^r^v^r^ + pr,„,^.)"'v^r^v^r^) {x'^O 
= a, f (r^v^r^v^ + v^r^v^r^ + pr,„,,.)"') {x'X) K)(x',0 a,(r^v^r^)(.',r) 



1 

= the orthogonal projection onto Auj <^ {A'T*M (g) i?)|y | ^'j cj = 0}, 



a, ( (r^v^r^v^ + v^r^v^r^ + pr,,,^.)"'r^v^r^v^) {x\a 

Y^YrY^Y , ^YrY^YrY , t:t^ (t^Y^Yt^Y\ ,1 /-/n (^Ymi t-t\ 



a, r^v^r^v^ + v^r^v^r^ + pr,„,«. (.',r) {r^'v^n {x\e) (v^)(.',r) 



1 



the orthogonal projection onto {w G {A'T*M (E) E)\y \ C'-i = 0}, 
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which shows that 

{A'T*M (g) E)\y \ ( {h'T*M ®E)\y 



a,{V^){x',a y ' \{^'T*M®E)\y 

are orthogonal projections onto 

{C' A cj e (A'T*M ^ I ^'j = 0} \ G (A*T*M ® E)\y \ C'j w = 0} 

{C' A w e {A'T*M £:)|y I ^'j w = 0} y ' V e (A'T*M (g) | ^'j w = 0} ^ ' 

respectively. 

Lemma 2.15. T'- andV+ are well-posed boundary conditions for the odd signature operator B. 

Proof. We are going to check that V- is well-posed for B. The same argument works for 7'+. We note 
that for each s g M, 

{{A'T*M (g) E)\y) = {ImV- n {{A'T*M ® E)\y)) © {lmV+ n ((A'T*M 

® (Im-Pft n il" {{A'T*M (g) i;)|y)) , 

which shows that the range of V- in H"" {{A'T*M (g i;)|y) is a closed subspace of {{A'T*M g) i;)|Y). 
In view of (|2.35p we next note that 

lU'llc^-^^'Ac. \ ^ (-i^'Auo\ 
W^'W^-i^'A^J \-i^'A^)' 

II ^' II cj + i^' Acj \ _ / ii' Auj 
-WS,' Alo ) " \~iS,'Alo 

The above equalities show that (Tx,(7'_)((a;', ^')) {N^{x' is spanned by [ j ^j^^j ' 



aL{V^){{x',a) 



y V 

which is same as Im ((T^(7'_)((a;', ^'))). Hence, V- is well-posed for S. □ 



2.7. Agmon angles for the operators B-p_ and B^_ ^ . In this subsection we employ the unitary 
twist method used in [32] to show an analogue of Lemma 4.1 in [11], which shows the distribution of 
generalized eigenvalues of and Bj,_ . From this fact we can choose an Agmon angle arbitrarily 

close to any given angle (/) for — ^ < </) < 0. 

Definition 2.16. The angle 9 is called an Agmon angle for an elliptic operator S) if : 

(1) Spec ((TL(£»)(a;,0) n i?0 = for all x G M and ^ e T;M ~ {0}, where Rg ^ {pe*^ \ 0< p<oo}. 

(2) Spec (D) n i[e-£,e+e] = for some e > 0, where i[0-e,0+e] = {pe'"^ |0<p<oo, d-e<(t)<9 + e}. 

We recall that V is the dual connection of V with respect to and V'^ is the induced connection 
on Y from V. We define (not necessarily orthogonal) projections VI, V\_ and by 

VI, VI, VI : n'{Y,E\Y)(Sn'{Y,E\Y) ^ n' {Y, E\y) (S n' {Y, E\y) 

VI = (r^v'^r^V^ + v'^r^v'^r^ + pr^e.^^^) v'^r^v'^r^ ( o i ) ' 
n = (r^v'^r^v'^ + v'^r^v'^r^ + piv,B^)~'r^v'^r^v'^(^ J J), 

7?* = I-Vl-Vl- 
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Then PI, P^, are the adjoints of P-, Vh and their images are 



, kerV'^nkcrr^V'^V^ , i w ^ fi 

' kerV'^nkerr^V'^V^ ), respectively. We define 



T:L'{Y,E\y)®L\Y,E\y)^L^{Y,E\y)(BL'{Y,E\y) by 

T = v*_V- + rxr+ + viVh- 

Then T is self-adjoint and injectivc. Simple computation shows that 

T = I + {Vl- Vh)Vh + {V*_ - V-)V- + {VI - V+)V+. 

Since Vl_ — V- and — P+ arc ^DO's of order — 1, T is an elliptic operator of order with the principal 
symbol / and hence T is a Fredholm operator of index 0. Since T is an injection, T is an invertible 
operator. For < t < 1, we define one parameter family of elliptic operators T{t) by 

T{t) = 1 + t{{V*h - Vh)Vh + {V*_ - V-)V- + {VI - V+)V+] . 

For each < t < 1, T(t) is still an elliptic operator with the principal symbol I and hence a Fredholm 
operator of index 0. In fact, T{t) is an injection and hence T{f) is an invertible operator. Indeed, suppose 
that T{t)4> = 0. Then by simple computation we have 

(1 -t)(l> + t {VlVh(t> + V*_V-(j) + VXV+(I>) = 0, 

which leads to 

(1 -t)\\<P Wl +t (II IIy + II v-ct> \\l + II 11^) = 0. 

Hence = and T{t) is injective. 

We recall that A?' is a collar neighborhood of Y which is isometric to [0, 1) x F. We choose a decreasing 
smooth function p{t) : [0, 1] [0, 1] such that 

Cl if 0<t<i 



if |<i<l. 



Pit) 

We now employ the unitary twist method used in [32] . We define 

{id on M-N 



T : L^{M, E) L\M, E) by T 



T{p{t)) on Yt:={t)xY. 



Then T is an invertible, self-adjoint operator on L^{M,E). The following lemma is immediate from 
Corollary 2.3. 

Lemma 2.17. (1) For (j) & 0«(M,i;) n Dom andip& O^-'-^CM, £;) n Dom ^.J, 

(FV.^, fv)M = {ct>, rv'TV)M. 

(2) For (j) e 09(M, E) n Dom (Bp-.^q ) and V e (M, E) n Dom (Bp-.^q ) , 

(vr<^, fv)M = {ct>, Vtt^)m. 

(3) For (j) e Dom {Bv_,co) '^"^ ^ ^ ('^P-.^o)' = ^'T'^)m- 
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Lemma 2.18. For (j> S Vl*{M,E), (0, T(j>)M is positive real and > | || </» ||m- Hence, if we define 
<C V ^m:= (<^, TiI))m for any ^, tp & Sl*{M,E), then <C , »m is a Hermitian inner product. 

Proof We first note that M = M' Uy ([0, 1] x Y), where M' = M - ([0, 1] x Y). Since T = Id on M', 
we have 

{(j), f(j))M =11 (/> IIm' + (<^. ^'0)[O,l]xF- 

Since (j) = Vh<t> + P-(t> + 'P+'/>, we have, on Y^, 

{ct>, fct>)Y, = {<!>, ct>)Y, + pirn, in - VH)Vh4> + {VI - V-)V-ct> + (p; - V+)V+ct>)Y, 

= (1 - Pit)) II 11^^ (II P,,^ 11^^ + II r_ct> \\l + II r+<p . 

By squaring both sides of the following inequality 

II Vf^cP \\y, + II P_<^ ||y, + II P+4> lln > II <^ lln, 

we have 



which leads to 



II P,^ 11^^ + II P_<^ 11^, + II 11^, > lufy^, 

fcfyy, > (1 - p{t)) II <^ 11^^ +\p{t) II </. 11^,^ = (1 - \p{t)) II 11^^ > i II </. 11^, 



This completes the proof of the lemma. □ 

We define operators U and J" by 

U = ]^[B + f-^B'f^ , T =^{B-f-^B'fy (2.36) 

Then U is an elliptic \1/D0 of order 1 having the same principal symbol as B and .F is a '^T>0 of order 0. 
Hence, .F is a bounded operator and B-p_^^ = U-p_^^ + F. 

Lemma 2.19. l(-p_^^ is a self-adjoint operator with respect to <C , '>m- 
Proof Let (p, tp € Dom(P_,£j. Then 

< Uv.,cJ, >M = + T-^B't) </), TV)m = (</>, ^ {b' + TBf-') Ti,)M 

which completes the proof of the lemma. □ 
Corollary 2.20. For ip G Dom (^^..^J, -^Uip, V' »m = (Z^V", ^'V') 

M is a real number. 

We now obtain an analogous result obtained in [11] on a closed manifold, which shows the distribution 
of generalized eigenvalues of B-p_^^ and B^_ 

Theorem 2.21. In the decomposition B = U + T we put Mo = 3 || J" || |1 T || . Then : 

(1) If X is an eigenvalue of B-p_^^, then | Im A| < A/o- 

(2) If p. = \^ is an eigenvalue of B^_ , then Re/x > 
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Proof. Suppose that Bip — \ip with ip e Dom (S-p_ and || ^ \\m~ 1- Then from B — U + J^, we have 

LemmaHjHand CoroUaryd^Olshow that (Im A)(V', fip)M = Ini((J"V, fi;) m)- The assertion (1) follows 
from Lemma [2. 181 Putting X ~ x + iy with a:, y G M, then A^ ~ (a;^ — y^) + 2xyi. Hence, 

(Im^f ^(imA^)' = 4xV = 4yH^' ~ + v') = ^y' {Re{X') + y') < iM^ {Re ^^ + M^) , 
from which the second assertion follows. □ 

Theorem 12 . 2 1 1 shows that if cp is an angle with < cp < both operators B'p_ and Bp_ ^ have only 
finitely many eigenvalues in the sectors i[0,7r-0] and i[-0.-7r+0]. Moreover, for each (a;',^'), <tl(S)(x', 
is a symmetric matrix. This shows that we can choose an angle 9 in these sectors so that 9 is an Agmon 
angle for B'p_^^ and 29 for B^_ ^ . 



3. The heat kernel asymptotics of Tr(e "'^-•'^o) and Tr(;Bcvcne °"<=°'^-.£o) 

In this section we discuss the small time asymptotic expansions of the traces of heat kernels of 
e ' ''-.^o and ScvonC °'"="-^-,£o to compute the pole structures of the zeta and eta functions asso- 
ciated to B^ p_ ^ and Sovcn,p_ cq i where B^ -p_ ^ and Bcvcn.V- cq ^^''^ the restrictions of the operators 
^ and B-p^ cq E) and il''™"(M, E), respectively. For this purpose we are going to construct 

parametrices for the heat kernels of e '■''-•'^o and Seven e ''^^"■''-.':o by combining the heat kernels on 
the interior part and the heat kernels on the collar of the boundary part. We begin with the computation 
of the heat kernels on the half-infinite cylinder Z := [0, oo) x Y. 

3.1. The heat kernels on the half-infinite cylinder. We define the odd signature operator Bcyi and 
its square S^^j on Z by (|2.8p and (|2.10l) . We denote by Scyi^cvon, B'^^^ ^, S^^j ^^^^-^ the restrictions Bcy\ and 
S^yi to the space of even forms or g-forms and denote by Sq^^{t, {u,y), {v,y')) and £^^l^^{t, {u,y), {v,y')) 

— tB^ —tB^ 

the kernels of the heat operators e •^y'-'-^-.co and e cyi.ovcn,p_ ^ r^j^g boundary condition that 

we impose is equal to the Dirichlet condition on lmV-_Ca ^^id the Neumann condition on ImV+Xi ■ 
We note (cf. ([^T^ . that for each < g < m - 1, 

lmV-Xonn^iM,E)\Y 

luiV+xi n n''{M,E)\Y 

We denote by K^J the restriction of B^^^ to (Im V'^ /C) and (IniT^V'^'r^ © T^IC), respectively, i.e. 

Dom (^By^q) = (ImV^®^)nl]9(y,i;|y), Dom(s^+) = {ImV^W^T^ JC) n n''{Y, E\y). (3.2) 

Each component in p.ip is decomposed into the sums of the generalized eigenspaces of and By^_^. 
For example. 



/ (imv^®/c)ni7*(y,i;|y) \ 
{imv^ e)ic)nni-\Y,E\Y) )' 
f (imr^v^r^®r^/c)nri9(y,i;|y) \ 
I (imr^v^r^®r^/c)ni}«-i(^,^^|y) J' 
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Doni(6^-) = (imv^®/c)nr!9(r,ii;|y) = ®^^o^1:-{y,e\y), (3.3) 

where AI'^{Y,E\y) = ^eiiBp^ - Kk^T" for 

some TOfc e N, the generahzed eigenspace of By ^ with 
eigenvakie A^^fc. Then we can choose a basis of A^'^(y, by 

{'/'I, • • • ,0Pfc, V'la, • • • • • • , V'rfc,!' • • • (2 < ^1 < • • • < ^rfe = mk), 

where Sy^^^j = Ag^^^j (1 < j < Pfe), B^,qi>j,i = >^q,ki>j,i (1 < j < ''fc ) and (S^,^ - \q^kI)'ilH,j = V'ij-i 
( 1 < i < r/j, 2 < < ^i). It is not difficult to check that 



— t ^1 

r=0 



■-tA,,, = e"*^-'^'^^^^>.,,-.. (3.4) 



We choose a (not necessarily Lagrangian) subspace L' of ker By (cf. Corollary 12.101 and Remark after 
Lemma such that 

L'®r^L' = kere^, L' ± T^/C. 

Then we have 

(imV'^®L')nf]9(y,i?|y) = ®T^^M^'~(y,e\y). 

For each and V'ij we choose 0*, G ^fc' (^i^l^') (cf- Lemma [2?7|) such that 

0*, -L A«'"(r, for / 7^ fc, 0*, -L (imF^V^F^ © F^/C) n 17'?(r, E\y). (3.5) 

Then the heat kernel £^^l'^ {t, {u,y), {v,y')) associated to the basis il^j^r | 1 < « < Pk, 1 < j < 
rfe, 1 < r < Zj} for Af^iY, E\y) is given as follows. 

Pk —t\ k ( 2 2 'I 

£,t'"(^,(",2/),(«,2/')) = ^^-=^|e-^-e-^U.®0: 



i—l j — \ V V V \r— U / 

For \q-i^k G Spec(,By~_j^) we can construct the heat kernel f^^'i^.(i, {u,y), {v,y')) in the same way. 
We next consider the case of Neumann condition. We recall that 

Dom(6^;+) = (imF^V^F^eF^/C) nr!«(r,£;|y) = (ST=oK'^iY,E\Y), (3.7) 

where (Y, E\y) — ker(Sy^ — ^g^fc/)"*" for some Uk G N, the generalized eigenspace of By^ with 
eigenvalue fiq^k- For simplicity we use the same notation as in the previous case. We choose a basis of 
A^,'+(r,£;|y)by 

where Sf,0j = /ig,fc0j (1 < j < Pk), SyV'j,! = Mg,fcV'j,i (1 < J < ^'fc ) and (Sf. - Hq^kl)il^i,] = 
''pi, 3-1 ( 1 < * < ?'fe, 2 < j < li). The basis elements 0^ and Vj.r satisfy the property p.4p . We 
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choose (p* and V-'|r ^ ^k'^ O^t^W) satisfying the similar properties as (|3.5p . Then the heat kernel 
£^^l''^{t,{u,y),{v,y')) associated to the basis Vj.r | 1 < * < Pk, 1 < j < ?'fc, 1 < < Ij} for 
A^''*'(Y, is given as follows. 



1 V J 



1=1 



i=l j = l V ^. J \r=0 / 

For Hq-i^k G Spcc(Sy^_-^) we can construct the heat kernel £'^^{\{t, {u,y), {v,y')) in the same way. 
Finally, the heat kernel £g^^{t, {u, y), (w, y')) is given by 

£f{t,{u,y),{v,y')) = I J] ^ y), (t;, y^) + E y)' 2^')) I ( j) (3.9) 

J2 £f-i:^{t,{u,y)^{v,y'))+ J2 s;%it,{u,y)Av,y'))] ( [ 

where Ap_fe runs in Spcc(Sy ^ ) and /^p_fe runs in Spcc(,By|^) for p = g, g — 1. 

3.2. Construction of parametrices for the heat kernels of e '•^- '^o and /BcvcnC . 
Let M be the closed double of M, i.e., M — M Uy M. We can extend the odd signature operator B and 
the flat bundle E on M to M, which we denote by B and E. We also denote by Bq, Seven the operator B 
acting on the space of q-forms and even forms and denote by £q{t, x, x'), £cvcn(t, x, x') the kernels of the 
heat operators e"*^?, e~*^"™", respectively. It is a well-known fact (cf. Theorem 2.30 in [2]) that 

|f,(f,a;,a;')l < cit'^e-^^^^^^T^ and \Djq{t,x,x')\<C3.t-''^e-''^'^^"^^, (3.10) 

where q's are positive constants and _D is a differential operator of order 1. 

Recall that = [0, 1) x y is a collar neighborhood of Y . Let p{a, b) be a smooth increasing function 
of real variable such that 

' '"^ ' \ I ioT U>b . 

We put 

01 := 02:=/3(y,y) 
V'l := 1-P(y,y), ^-2 := y), 

and 

Qq{t, (u, y), (v, y')) = 4>i{n)£f{t, {u, y), {v, y'))Mv) + M^Kit, v), (v, y'))Mv)- (3-11) 
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Then Qq{t, (u, y), (w, y')) is a parametrix for the kernel of e ''^-.^o . Let £q{t, (u, y), {v, y')) be the kernel 

of the heat operator e ''^-.^o on M. Then standard computation using (|3.6p . (|3.8p and (|3.10p shows 
(of. [3], [13], [22]) that for Q<t<l, 

\£q{t, {u, y), {u, y)) - Qq{t, (u, y), (u, y))\ < cie""^ (3.12) 
for some positive constants ci and C2- Similarly, we put 

'R-cvcnit, {u,y), {v,y')) 

= 0l(u)6cyl,ovon'^^even(*; (""^y); («, 2/') ) V'l (^') + (l)2{u)Beven£even{t, {u,y), (w , ?/')) V'2 (w) • (3.13) 

Then TZeven{t, {u, y), {v, y')) is a parametrix for Sevenfcvcn(i, (w, 2/), (w, j/')): the kernel of SovcnC ''™"'^-,i:o 
on M and the standard computation shows that for < t < 1, 

|Sovonfovon(i, ("", y) , {u, J/)) - 7?.ovcn(i, (u, 2/), (u, 2/))| < €36""^ (3.14) 

for some positive constants C3 and C4. It is also a well-known fact that for t — ^ 0+, 

« 00 
/ Tr £g{t,{u,y),{u,y)M'^^)dvol{M) - Vaji-"^, 

00 

Tr (^;Bovon^ovcn(i, (w, y), (w,2/')V'2(w)) ^^'''(-^) X! ^-J* ' (3.15) 



M 



J=0 



where aj = for j odd (cf. Theorem 0.1 in [4]). The coefficient 6,„ of the term t 2 in p.isp plays an 
important role regarding to the pole structure of the eta function associated to /Seven. p_ co *^ ~ 

Lemma 3.1. The coefficient appearing in h3.15]) is equal to zero. 

Proof Let 6*^™' : 17<=™"(M,C) ^ 17<=™'^(M/C) be the_^odd signature operator on M obtained by the 
trivial connection on the trivial line bundle M x C — >■ M. We consider the asymptotic expansion of the 
trace of the heat kernel 



~ 00 

where bj = Jj^ bj{x)dvol{M) for some local invariant bm{x). Since is a compatible Dirac operator, 

the local invariant bm{x) = 0, which was shown in Theorem 3.2 in [4]. The coefficient b,n in (|3.15l) is 
given by bm = bm{x)4'2{x)dvol{M) for some local invariant bmix) on M. Let Idn be the nxn identity 
matrix, where n = rank(£'). Since i3*"™'/d„ and Seven are locally same operators, bjn{x) — bjn{x) = 0, 
from which the result follows. □ 
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3.3. Asymptotics of Tr(e ''^-.^o) and Tr(Sevone "^-'^-.^o) for < ^ 0. We denote := 
dimkl^{Y,E\Y). Then - jSH) imply that 

Tr £f{t, {u, y), {u, y))Mu) dvol{Y)du (3.16) 

fT-. / (l-e-^)^iWrf^ + ^ / (1 + 6-^)^-1 



It is a well-known fact that for f — > 0+ the following sums 
have asymptotic expansions of the type 



Ec,^-"^+^". (3.17) 



The equalities ([3J2l) . ([XTS]) . ([3J6l) and ([3Tfl) with the fact 



e-'^Vi(u)rfw = ^ + 0(e-^) (3.18) 
Jo 2 

show that for t — > 0"*", Tr ( e ' ''-.^o 1 has an asymptotic expansion of the following type. 

/ 2 \ OO 

Tr e-*^----o^^c,t-^. (3.19) 
^ ^ j=o 

We next discuss the asymptotic expansion, for t — > 0+, of 

.even u—v^y—y' • 

We note that for u € f7'=™"(r, i;]!-), we have T^V^uj, V^T^uj e r2°^'i(r, E\y), which shows that 

(r'^V^tj, u)y = 0, (V^r'^o;, tj)y = 0. 
Hence, in view of ^2.8\i we have 

Tr («)(-*/?) j (r^V^+V^r^) {£^^\t,{u,y),{v,y'))Mv)) U=.,y=,'} =0. (3.20) 

We note that maps (ImT'-Xj,) onto (ImV+^Ci) ^-^d vice versa. From the definition of (p* and ip* 
(cf. p.Sp ). we have 

(F^0., </)*)y = (F^V.-fc, =0, 

which shows that 
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Tr j0i(u)H/3)r^ J M Va„(f^'"(i,K2/),(^',y'))V'i(f))| =0. (3.21) 

K \ / J u—v,y—y' 

By (p:^ and ([5:^ we have 



Tr ((/.i(u)Scyl,evcnfeTc„(*, {v,y'Ml{v)) \u=v,y=y' = 0, (3.22) 

which together with p.lSp and Lemma 13.11 shows that 

oo 

Tr (SovGn£cvGn(t, 2/), (", u))) ^ ^ bjt with 6„ = 0. (3.23) 

j=o 

3.4. The regularities of the zeta and eta functions at s = 0. For any angle (/> with — ^ < < 
Theorem 12.211 shows that we can choose an angle arbitrarily close to (j) so that 9 is an Agmon angle for 
Beven,V- cq ^^'^ '^^ Agmon angle for B^^^^ V- c ' ^^^^ subsection we fix an angle 9 satisfying this 
property. Moreover, Theorem 12.211 shows that all the generalized eigenvalues of B'^ .p_ and ^ovcn.-P- Cf, 
except only finitely many ones have positive real parts. Let ti, • • • , r; and Ai, A2, ■ • ■ be generalized 
non-zero eigenvalues of B^-p_ ^ counted with their multiplicities, where Rer, < and RcAj > 0. We 
define the zeta function Cr2 (s) by 

/ 00 

(^i. , (^) -E-r + E^r- (3-24) 

Similarly, let iri, • • • , ir^, ki, • • • , kj^+i, • • • , KZi+Za and /xi, /i2, • • • be generalized non-zero eigenvalues 
of Bcvcn.V- Co counted with their multiplicities, where rj S R, kj G C ~ iM. with Re k| < and 
Re Kj > for 1 < j < ^1, Re nj < for /i -|- 1 < j < -f ^2, and G C - iR with Re > 0. We define 
the eta function "qs^^^^ -p (s) by 

m...^.._,js) = Y,^r- E(-«.r'+ E ^'r- E (-/^^o"'- (3-25) 

■j = l j=h + l Rc/^j>0 Rc/ij<0 

The asymptotic expansions p.l9p and p. 231) imply that for some constants C3, C4 and (5 > 0, 



Tre '■^-.^o-^e-^^*! < C3 T 
i=i 

fc h+h 



which shows (cf. Lemma 2.3 and Lemma 2.4 in [17]) that 

BM = ^/^i^-^(Tre-<--o-;^e-^*|dt, 



^2(5) = Y{Sr)l i'^lTrl^Sevcne"*^— "-.-oj~z^r,e'-^-5]^,e-*«?|d< (3.26) 
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are holomorphic functions for Re s 2> and 

I 

h h+h 

= J2^7^- E i-'^ir^+H^is). (3.27) 
Hence, p. 191) implies that (g2 (s) has a regular value at s = and Det 

{^Iv- Co) is well-defined. The 

asymptotic expansion p.23p implies that the eta function r]B^^^^ -p_ ^ (s) is regular at s = 0. Similarly, 
(s) and Jye^^^,, p (s) have regular values at s = 0. We summarize the above arguments as 

follows. 

Lemma 3.2. Let {M,g^^) be a compact oriented Riemannian manifold with boundary Y and E M be 
a complex flat vector bundle. We assume that g^^ is a product metric near Y . Then : 

(1) For each q (0 < q < m), Cg2 (s) and Cg2 (s) have regular values at s = and hence the 

zeta- determinants Det V c.) ^^'^ {j^q c ) well-defined. 

(2) r]B^^^^ -p ^ (s) and rjjs^^^^ ^ (s) have regular values at s ^ 0. 

(3) The spectrum of Bcvcn.V- c,, (Bcvcn.v+.ci) ^'^ ■^'^"^^ "^-^ ^^"'^ of Bodd.v+.ci (^odd.V-.cg) "'''^^ hence 

(4) The zeta- determinants Det (;Bevcn,p_ r^) dnd Det (Seven. c^) «re well-defined. 
For later use we define the eta invariant ri(Beven,V- r^) for Beven.V-,ca follows. 

Definition 3.3. Let £p_ ^ ^ j awd £p_ be the dimensions of the generalized eigenspaces cor- 

responding to positive (negative) imaginary generalized eigenvalues and zero generalized eigenvalue of 
Beven,V-,co' respectively. We define ri{Beven,V-.,co) 

ViBe.en.V^,c, ) = \ (^i?„e„,._ (0) + - + ■ 

We define r]{Beven.'P+ £j) ^ri the same way. 



3.5. The value of zeta functions at s = 0. Before finishing this section we compute the values of the 
zeta functions Cr2 (s) at s = 0. Let k„ v r and fc„ -p , „ be the dimensions of the generalized 

0-eigenspaces of B'^^^_ and ^B^-p^ , respectively. Then by p. lip and p. 121) we have 



Cb% (0) + fc,,P_,.„ = lim -l- / t^-^Tre ^---o dt 

= lim — 5— / t^^^ / Q„(t,x,x) dvol(x)dt 
s^Q T{s) Jo Jm 

= hm-^/i^-i/ £f(t,{u,y),{u,y))Mu)dvol{y)dudt, (3.28) 

where in the last equality we used the fact that a™ = in p.lSp . Moreover, p.l6p shows that 
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s^o r(s) 7o \ %/4^ Jo ^ L ^ ^ ' I 







since Tre"*^^."! has an asymptotic expansion of the form X^jlo'^i^ ^ - Similarly, we have 

r(s) 7o I \/4^ Jo „^ Vi^ 7o / 

These two equalities with p.l6p and p. 281) lead to 



9 4- 9 \ / 1 

e~"T--0i(u)dw ) dt. (3.29) 



Jo ^ ^ \ V4^ 7o 

We denote (cf. Lemma [lH and ^A^) 

Ig := dimkci B^.g, I- ■.= dim{ICnni{Y,E\Y)), /+ := dim (r^/C n , (3.30) 

so that lq = lq + l+. Using the fact Cg^- (s) = Cb^+ ^ («) (cf. dSS]), (021)) and ((X^ . we have 

= \{^B^^x^^)-^B^-^j^) + ^t-i-,+iU-K-i)- (3-31) 

Similarly, we have 

CbI^^J^) + Kv^^., = J(-Ci5-:(0) + Ca^-_^(0)-C + /--C-i+V-i)- (3-32) 
Summarizing the above argument, we have the following result. 



Lemma 3.4. 
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4. The graded zeta-determinant for the odd signature operator on a compact 

manifold with boundary 

4.1. The graded determinant of Kovcn.P- c • this section we are going to define the graded deter- 
minant of Seven, ■p-,/;^ and the refined analytic torsion under the following assumptions. We begin with 
the following definitions. 

Definition 4.1. We define projections Vo, Vi : n* {Y, E\y) d) {Y, E\y) n* {Y, E\y) d) {Y, E\y) as 
follows. For (j) e n'J{M,E) 

^o(0|f) = 1^"'^°^'^'^^ 9 *s e^e'^ j^^^^^^-^ ^ ^V+x^{(|)\Y) if q is even 

[■^+,£1(0^) */ q is odd, \^-,£o(0|y) */ q is odd. 

For each q we define 

n!>i°°^JM,E) = {c^en''{M,E)\V-,c„{{B'<j>)\Y)=0, z = o,i,2,...}, 
n^^^^^{M,E) - {0el79(Af,i?)|7'+,£, ((SV)|y)=0, / = 0, 1, 2, • • • }. (4.1) 
Then by Lemma 12.121 we have the following cochain complexes 

(f2*J^°°(M, E), V) : ^ ^v'^co ^) ^ ^T^Tc, (^^' ^) ^ ^ ^v^Z, ^) 0' (4-2) 

(fi;:;"(M, i?), V) : ^ [M, E) ^ (A/, E)^---^ (M, i?) O. (4.3) 

For simplicity we are going to discuss the refined analytic torsion for the cochain complex (4.2). The exact 
same method works for the cochain complex (4.3). In this section we make the following two assumptions 
and the general case will be discussed in Section 5. 

Assumption I : The cochain complex (4.2) is acyclic. 

Assumption II : B : fl'-^iM, E) ^'-^{M, E) is invertible. 

For each q we define 

(M, E) = Oi:°°(Af, E) n ker V, 9.^°° (M, E) = 17?:°° (M, E) n kerPVP. (4.4) 
Then the Assumption I and II imply (cf. Subsection 6.9 in [5]) that 



(M, E) = (Af, E) © (Af, E) . (4.5) 



We denote by 



r— 1 r— 1 

3dd, 



r!l™(A^,£;) = ^VL^^-_°^^^J^M,E), n°^^^^'^{M,E) = ^ n^P+l'^^^iM , E) . (4.6) 

p=0 ' p=0 

iiiapo ^1<=™n/°dd,oo^^_,;- ^^^^^ (^ovcn / odd.oo ^ 

gram. 



Then, B maps rf~"^J° '°°{M,E) onto ° '°^{M,E) and induces the following commutative dia- 
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(4.7) 



This diagram shows that the spectra of B defined on D,'^'^'^^ {M, E) are the same as those of B 
defined on rip'^'^^°™"'°°(Af, respectively. Let us denote by B^ , B^ the restrictions of B to kerV and 
kerFVr, respectively. We note that the spectra of B defined on 17p™^°°_|_(M, i?) {il'i^^'^ _^_{M , E)) are 
equal to those of B defined on Dom (^B^^^^ j,_ |^Dom (^B^^^ 7'+ )) ^"^^ spectra of defined on 
Qg,oo equal to those of B^ defined on Dom ( | . From this observation we abuse notations 

a little bit so that we write B defined on Q^T^^'^-'^^^iM , E) , {n"^,^^'^ ^^{M , E)) by Se™n,P_,^, il3odd,v+,cJ 
and we write B^ defined on n%°°(M,E) by B^'- . 

Lemma 4.2. (1) For each q {0 < q < m), the zeta- determinants Det 
well-defined and 

Det (^'1,.J = Det (s,Vi,p,,.J - Det (^^p^^.J = Det • (4.8) 

(2) Recall that dimM = 2r - 1. If r is odd, 



^0 



// r is even, 



^ven.P. . (S) = ^ = (s)' %+ ^ (•5) 



Wodd.,=_^ (s) = %+^^^ (s) = %+,^ ^ («) = 0- (4-10) 

Proof. The first assertion comes from Lemma 12.121 and the assertion (1) in Lemma 13.21 For the second 
assertion, we consider only B'^^^^ ^ ^ . Other cases are treated in the same way. We note that Seven 
maps (M, E) ® ^+^'''1^^ (M, E) into nl{M, E) ® 17""«"^(Af, E). Let e p_ (Af, i;) and 

is a generalized eigensection of Seven with a generalized eigenvalue A, then 
(/) — '0 is a generalized eigensection of Seven with a generalized eigenvalue —A. This observation leads to 
the second assertion. □ 



Simple computation with Lemma 14.21 leads to the following result. Throughout this paper, for an elliptic 
differential operator D we mean by \ogDetgD the particular value of the negative of the derivative of the 
zeta function at zero, i.e. 

logDetgD := - (^CD,e(s)j |s=o. 
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Lemma 4.3. 

logDete = i logDetse S^;e„^p_^^ - «'^??(^L„.P_,ro ) + Y ^6„';^„,t. ^„ .2e(0)- 

If r is even with diniAf = 2r — 1, then ?/(S(Jvcn p r ) ~ ^' Similar statement holds for B'^^^^^^ ^ . 
We now define the graded zeta-determinant of Seven with respect to V-^o V+^Ci- 

Definition 4.4. Under the Assumption I and II, we define the graded determinant Detgr^e Seven.p^ co 
and Detgr,e Bcvcn,p+,ci 

DeteB+ ^ Beta 6+ ^ 

Uetgr,etSeven,-p_,z:o - „ , . „_ 7, Uetgr^e Oevon,-p+,ci ~ t-, , . „- 7- 

We introduce the notations ~ and ~ defined by 

g2 ^ fo'- 9 even ^ (^1^+,., 1 ^ven ^ 

1^',^+,^, for Q odd, -J^^^ I^Ip-.^o foi- 9 odd. 

Then simple computation shows that 

logDetg,.(,(Seve„,P_,z:„) = Dete (S+ J - log Dete J 

= \ (log Detze ^e^n.P^ - log Detse Seve„.P_ ) 

= ^ (logDet2ee^;+„_p_^^ - logDet2e6^dd,P+,.:, 



-.771 .771 

= 2E(-l)'^'-'?-logDet2ee^_^^-»7r,7(6eve„,7=_,.„) + yE(-ir+^-<7-CeJ^ (0)- (4.12) 
Similarly, we have 

771 

l0gDetgr^e(Seven,P+,z;,) = T^^i^'^Y'^^ ' <? ' log Dctae - i7r77(Sevcn,P+,z;, ) 



q=0 
. in 

+ vE(-1)'''''-9-Cb^~ (0)- (4.13) 



The equations (j4.12p and ()4.13p with Lemma [33] lead to the following results. 

Corollary 4.5. Putting = dimkerSy^ i3.30]} . the following equalities hold under the Assumption I 
and II. 
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1 

(1) logDetgr,e(Scvcn,p_,z:„) = -^(-1)"+^ -g-logDetseS^^^^ -i7r77(Scvc„.p_,ro) 

q=0 

m-1 r-2 \ 

(2) logDetg,.,0(6cvcn,p+.£j = -^(-1)'^+^ -q-logDetaeS^P^ -«7r7y(eevon,-p+,ci) 



m — 1 r — 2 

-iEc.^.(o)-E(--i-'^)(^,^-^. 

9=0 9=0 



4.2. The metric dependency of the graded determinant of Bcvcn.V- cq- ^^^^ subsection we 



discuss the metric dependency of the graded determinant Detgr^g i3even,p_ c ■ Let {g^^ \ —S < v < 6}, 



(5 > 0, be a family of Riemannian metrics on M such that each is a product metric and does not 
vary on [0, e) x Y for fixed e > 0. We denote by Bcvcn{v) {B'^{v)) the (square of) odd signature operator 
corresponding to g^^ . In this subsection we assume that Bcvcn{v) and Bg{v) have the same Agmon angles 
and 26 {—^ < 9 < 0) which does not depend on v. 

Lemma 4.6. We assume that for each q, B^ ~ (v) : n'~°°{M,E) — !■ r2~°°(M, i?) is an invertible operator 
and has the same Agmon angle 29. Then : 

if:i-^)'^'-1-^ogDet,eBl~^{v) = 0. 

9=0 

The same assertion holds for B^ ~ (v). 

Proof. The metric g^^ varies only in the interior of the manifold, which shows that the boundary condition 
does not change and the derivative of g^ vanishes near the boundary. Since the argument of Lemma 9.9 
in [5] is purely local, verbatim repetition gives the proof. □ 

We next discuss the variation of the eta invariant (/Seven, -p_,c„ («)) for —5<v<5. We are going to 
follow the arguments in [24]. We choose c > such that (i) any generalized eigenvalue k of Seven, -P- [v) 
with |k| > c satisfies Re(K^) > and (ii) Seven, c i"^) does not have any generalized eigenvalues of 
absolute value c for —5q < v < 5q, Q < 5q < 5. Let K{v) be the subspace of L'^VL*{M,E) spanned by 
the generalized eigensections with generalized eigenvalues k with |k| < c. Theorem 12 . 2 1 1 shows that K{v) 
is a finite dimensional vector space with a constant dimension with respect to for — (5o < w < (Jq. We 
denote by Q{v) the spectral projection onto K{v) and denote P{v) = / — Q{v). Then Q{v) and P{v) are 
smooth 1-parameter family of projections. We define 

'?(^' ^ -FT^ / Tr (p(^,)Seven(«)e-*''--"--o ("^^ ) dt. 

i { — ) Jo ^ ' 

Then ?7eovcn p ^ (ti)('*) ~ '7(5, is an entire function and hence, rj{s,v) has a regular value at s = 0. 

Moreover, ^^^^^^ ^ ^ (u)(s) ~ \s=o does not depend on v modulo 2Z. Equivalently, on modulo 

Z, (77(Seven,p_ (^)) ~ v)) docs uot depend on v. To compute the variation of rj{s, v) we note that 
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+ Tr (P(t;)6evcn(f )e-*''™'"--o + Tr (^P{v)B,,Uv)^e-'^—-^-:-o ('^)'^ , (4.14) 

where P{v) and Bcvcniv) denote the derivatives of P(v) and Bcvcni'v) with respect to v. Since P{v) = 
-Q{v), P{v)Q{v) = 0, P{v) = P{v)P{v) + P{v)P{v), Qiv) = Qiv)Q{v) + Q{v)Q{v) and Seven(w) 
commutes with and Q{v), we have 

Tr (p(«)Sevcn(«)e-*''=™-"-.-o 
= 2 Tr(F(z;)Sevc„Me-*''—"-'-o = -2 Tr (g Wvcn^e"*''"— 

= -2 Tr (Q(i;)g(«)Sevcn(«)e"*''-"'^--^o('')V(i;)) - 2 Tr (Q(i;)g(«)Sevcn(«)e"*''°™"'^--^o ^''^ 
= 0. (4.15) 
The following formula is well-known (cf. [24]). 



= I er^'-'^''-'^-^-^co^'^\B,,,,,{v)B,^Uv)+B,.Uv)B^^^^ (4.16) 





The equations (|4T4|) . (|4?T5|) and (|4?T6| show that 

|- Tr (p(i;)6evo„(z;)e"*''"™-"-.^o ('^)') = (1 + 2t^) Tr (p(«)Beve„(«)e-*''--'"--o , (4.17) 
which leads to 

|;^(^'«) = -j;^^°°t'^Tr(p(«)6evo„Me-*^™-^o('^)')dt. (4.18) 
In the same way as in Section 3, there exists an asymptotic expansion for t — > 0^ 

oo 

Tr(p(^;)^eve„Me^*''"™-"--o(")') ^ (4.19) 



3=0 



which shows that -^r](s, v) has a regular value at s = and 



^?l{s,v)U=o = (4.20) 

Setting 

oo 

Tr(Seve„(«)e-*^-"-^--o(")^) ^ ^c,t-^, (4.21) 
we have Cj = Cj for < j < m. Hence we have the following result. 
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Lemma 4.7. Let /Bcven,'P_ be a smooth 1 -parameter family of odd signature operators which does 

not vary near the boundary and have the same Agmon angle 6 <6 <0). Then : 

^?7(SovGn,-p_, = (mod Z), 

where Cm is the coefficient oft^^ in \4.21^ . 

To cancel the metric dependence of the eta invariant we consider the following odd signature operator 
i3*^™^_ i'v) ■ f^p™;^(Af, C) ^ 17p™;|^(M, C) obtained by the trivial connection V'"^''^^ on the trivial 
line bundle M x C — >■ M with respect to the metric g^, —5 < v < S. Since V*'''^"'' is a Hermitian 
connection, we choose the Lagrangian subspace K. and Cq (cf. see (12.19^ ) by (I2.14p . Since Sovcn'r'- r.„ 
is a self-adjoint operator, we define the eta invariant rji^lvcn^V- r.o ^""^^ '^cvo'nfp_ i''^) by 

v{Bl^:::h^,,,{v)) = \ _ ^^(„)(0) +dimker6™^ 

Lemma [2.111 shows that dim ker i3'"™p_ ^ [v) is a topological invariant and hence it does not depend on 
the metric g^'^ . Lemma l477l implies that 



J 1 J / \ trivial 

rank(£;) . = - rank(i?) • - _ (0) j = 

where c^™**' is the coefficient of t~^ in (|4.2ip when the trivial representation /Otriviai : t^i{M) — )• GL{n, C) 
is given. We note that Beven vanishes near the boundary, which shows that the asymptotic expansion 
(|4.2ip is determined completely by interior data (cf. Section 3). Since the coefficients Cm and c'"^"'' are 
given locally, we have c,„ — c^'^'^' and hence we have the following corollary. 

Corollary 4.8. 

r/(Bevon,p_.z;o ) ~ rank(£;) • -%t..v.ai (0) 

^ oven,; -Cq 

is invariant on modulo Z under the change of metrics in the interior of M . 

Now we are ready to define the refined analytic torsion on a compact manifold when V satisfies the 
Assumption I and IL 

Definition 4.9. Let (M, g*^) be a compact Riemannian manifold with boundary Y , where g^^ is a product 
metric near the boundary. We denote by E the complex flat bundle associated to the representation 
p : 7ri(Af) — >■ GL(n,C) and choose a flat connection V acting on smooth sections of E. We also assume 
the Assumption A and B made in Subsection 2.5. For the boundary condition V-_Co! assume that V 
satisfies the Assumption I and IL We choose an angle 9 with — ^ < 9 < such that 9 is an Agmon angle 
for Bcvcn.V- cg ^'^'^ Bcvcn,v+ Cj o.'^'d 2^ is an Agmon angle for each -p_ ^ and B^ -p^ ^ . Then we define 
the refined analytic torsion T-p_ £^(5*^, V) by 

¥(™k_E)-r;gtrivial (0) 

7^P-,ro(5'',V) = Detgr,9Scven,P_,£„ -e ™_.£„ _ 

Similarly, when the cochain complex (4-3) is acyclic and Bcvcn,v+ invertible, we define T-p^ (ff^^; V) 
by 

,^ ^(rank£;)-))gtrivial (0) 



THE REFINED ANALYTIC TORSION AND A WELL-POSED BOUNDARY CONDITION 



33 



Theorem 4.10. We assume the same assumptions as in Definition \4-.9\ Then the refined analytic torsion 
T-p_ £^ (5*^, V) and T-p^ ((7*^, V) are independent of the choice of Agmon angles and invariant under 
the change of metrics among metrics which satisfy the Assumption I and II and are fixed as a product 
metric on some collar neighborhood ofY. 

Proof. The independence of the choice of the Agmon angles follows from the argument in the Subsec- 
tion 3.10 in [5]. Let {g^^ \ —S < ?; < ^} be a family of metrics satisfying the Assumption I and II 
and g^^ = .9o^(= 5^^) on some collar neighborhood of Y. Corollary 14.51 Lemma 14.61 and Corollary 
14.81 imply that T-p_^^^{g^^ ,\7) and T'p^^_^{g^^ ,\7) are inyariant up to modulo Z. Lemma [2.111 implies 
that the kernel of ^ovon^P- c ^^^^^ ^cvcn'v+ c topological inyariants. Hence yy^jtriviai (gA/j)(0) and 
T^gtriviai foA'i (0) ^rc contiuuous with respect to v and haye no integer jump. Since Detgr g Seven V- c i^) 
and Detgr, e 'Scvcn.'P-i- c.^ i"^) ^■'"S continuous with respect to u, the result follows. □ 



5. The refined analytic torsion as an element of a determinant line 

In this section we are going to define the refined analytic torsion under the boundary condition V-^Ca 
without assuming the Assumption I or II in Subsection 4.1. For this purpose we begin with the cochain 
complex (4.2). 

(n;:^°°(Af, E), V) : ^ ^f^T^^^ [M, E) A n]f^^^ {M, i?) A • • • A 17;';°^^ (M, E) ^ 0. 
We can define the refined analytic torsion for the complex (4.3) in the same way. 

5.1. Decomposition of the complex and the graded determinant. For A > we define a spectral 
projection nB|^,[o,A] : ^'~^iM,E) ^ n'~^{AfE) by 

where e > is small enough so that there are no generalized eigenyalues of B% whose absolute values 
are in the interval (A, A + el. Then 11^2^ rn is the spectral projection onto the generalized eigenspace 
of ;B~ corresponding to generalized eigenvalues in{zeC:|2:|<A}. We note that nR2 rn commutes 

Vo "Po 

with B% and Imng2 fq yi is a finite dimensional vector space. Putting 

Vo •Po 

"r[o,.](^^'^) - ^B.joM^'CiM,E)), n'^Z,^^,{M,E) := {id - U,.^^,„^,,) {n'^^ (M, E)) , 
we have 

Let I be either [0,A] or (A, 00). Since V commutes with Bp , V commutes with 11^2 ^^q x] ^^'^ hence 
(n*^°° (M,E),V) is a subcomplex of (n'~°° (M, E),V). Similarly, F acts on {M,E),V). We 

Vo,I Vo Vo-I 

denote by {M,E) and (A/, S) the cohomologies of the complexes {n'~°° {M, E),W ) and 
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i;),V[o,A] ), respectively, where V[o,a] := V|a^^ ^^(m.b)- Then, we have the foUowing 

lemma. 

Lemma 5.1. For each A > 0, the complex (V,^^ (M, E),'^) is acyclic and 

7-'o,(A,oo) 

Setting 
we have 

We note that leaves ker(rvr) and kerV invariant. For X = [0, A] or (A.oo). wc denote by 

and B^^^^ -p_ the restriction of and Bcvon to f^|°°^(M,£;) and f7^""';|^2-(Af, S). We also denote by 

^tvcnvl Co restriction of BeYerL,V-,co *° ^p*^'i^(A cx))(-^' -^)" Then we have the following direct sum 
decomposition 

g(A,oo) ^ ^-'(^'2°) . (5.3) 

Definition 5.2. iet ^ e (—^,0) be an Agmon angle for B^^'^}p_ . Then the graded determinant 



associated to b''^'°°^~ and the Agmon angle 6 is defined as follows: 

even,Vo 



1^4. /k(A,cx:.) X Dete(S+;'„pj' ; 

Detg.,,(B^,;„_^ ) := (;,.^) • (5-4) 

Det9(-S,^,^„_p_^_^J 



We define the graded determinant Detgr,6i('Bg^g^p^ ^^) m i/ie same way. 



5.2. The canonical element of the determinant line. In this subsection we briefly review the refined 
torsion for a finite complex. We refer to [6] for more details. Let {C*,d, T) be a finite complex consisting 
of finite dimensional vector spaces as follows. 

(C*, d, T) : — -^C^ ^ C""-i J^. (j^ — ^ 

Here r : C* ^ C* is an involution satisfying r(C«) = C"""" for < g < m. We call T a chirality 
operator. We define the determinant line of {C*,d,T) by 

rn 

Det(C") = (g)Det(C«)(-i)', TO = 2r-l, (5.5) 

9=0 

where Det(C«) is the top exterior power of C"^ and Det(C")(~i) := Hom ( Det(C"), C). We next define 
the canonical element cr of Det(C*) as follows. We first extend the chirality operator F : C* — >■ C* to 
determinant lines and choose arbitrary non-zero elements Cg G Det(C^). Then we define cr by 
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cr := (-l)'^^*^*^ •co«)c/(g)---(X)4_i^" 

{Tcr-i)^'^^" (E) (E) (E) (Tci) (E) (rco)^"^^ € Det(C"), (5.6) 

where (—1)^^'^ ^ is a normalization factor defined by (cf. (4-2) in [6]) 



n{C') = i ^dimC« • (dimC" + (-1)'^+^) , 

q=0 

and S Det(C"')~^ is tfie unique dual element of c S Det(C*) such that c~^(c) = 1. We denote by 
H* (d) the cohomology of the complex (C* , d) . Then there is a standard isomorphism 

0c« : Det(C") ^ Det(i?'(a)). 

We refer to Subsection 2.4 in [6] for the definition of the isomorphism (pc- The refined torsion of the 
pair (C",r) is the element pr in Det{H'{d)) defined by 

Pr = PCX := </'c-(cr) e Dct{H*{d)). (5.7) 
Denote by pj^^ the refined torsion of the complex ( £7 ~ (Af, E), V[o.a] ) • Then we have the follow- 
ing lemma (cf. Proposition 7.8 in [6] and Proposition 3.18 in [30]). 

Lemma 5.3. Let G (—-1,0) be an Agmon angle for the operator B^^'°"p . Then the element 

p{Vo,^,g'') := Detg,,,(s(^;^^^).p^^[„,j eDet(i7l(M,i?)) (5.8) 
is independent of the choice of X > and choice of Agmon angle 9 G (— tt, 0) for the operator B^~'°°\ 
Proof. For < X < p we have 
Detgr 

Further, Proposition 5.10 in [6] shows that 



Det^,AB^^'% ) = Detsr,e{B^^^'\ ) ' Detg,,,(s(^'°°l ). 

^ ' even, 7^0 even,Vo ^ even,Vo 



ppo,[o,M] =Detg,,,(6^^;;;L ).pp^[o,]. 

These two equalities show that ()5.8p is independent of the choice of A > 0. If 9, 6' e (—^,0) are both 
Agmon angles for , Theorem 12.211 shows that there are only finitely many eigenvalues of yB'"^'""- 

in the solid angle between 9 and 6' and hence the independence of the Agmon angles follows from the 
argument in the Subsection 3.10 in [5]. □ 



Remark : Since different Hermitian metrics give rise to equivalent L^-norms over compact manifolds, the 
domain of Bj^^ is independent of the choice of the Hermitian metric . Moreover, the definition of Bj^^ 
does not use the Hermitian structure, which shows that piVa, V, g*^) is independent of the choice of the 
Hermitian metric (cf. p. 2004 in [30]). 

We define the eta invariants riiB^^'''^^ ~ ), ri(B^'^'°°^~ ) of B^^'^^ ~ , in the similar way as in 

even, 7^0 even, 7^0 even,'Po even.'Po 



Definitional Then 
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We next define ^^j,jV,g^'^) and ig^;^^^^ by 



1 ™ (7 



<i.'Po 



- n 

and have the following lemma, which is analogous to Corollary 14.51 
Lemma 5.4. We put = dimkerS^ ~ and = dimkerSy^. Then: 



e 



Proof. It's enough to compute log Dctgi._e(S'"'^'°°~ ). The computation similar to (I4.12p shows that 

\ogJ^ei^,M^::y j = logDct,(S+;i';^J^J - logDet,(-6-i';;°J^^) 

l£(-iri.,.logDet,,6^f-) + !^f](-l)^+i.,.C^,<,,^,(0) 



(?=0 13=0 
'^^ f„ (n\ I a+.(A,oo) ^-.(A,oo) 



9=0 



Using the fact 



Cg2,(A,oo) (0) = (0) - L ,p 



and Lemma [3.41 the result follows. □ 



5.3. Metric dependency of the refined analytic torsion. In this subsection we discuss the metric 
dependency of /9(7'o, V, g*^). We suppose that {g^ ^ | — (5 < i < (5}, (5 > is a family of Riemannian 
metrics on M such that each is a product metric and does not vary on [0, e) x F for some fixed 
e > 0. We denote by Ft the chirality operator corresponding to the Riemannian metric and by 
-S-Po (0 = ^ 9t^) the odd signature operator corresponding to the Riemannian metric g^^ . We define 

B ^ (t), B^'^'^^ ~ (t) and B^'^'°°'^~ (t) in the similar ways. Then we get the associated refined torsion 

Pp,[o,A](0 of the complex {n'^^^^^^^^^^.^{M, E),V[o.x]) (cf. (EH)) and we denote by p{t) = p(7'o,V,gf ) 
the canonical element defined in (j5.8l) . We have the following lemma, whose proof is a verbatim repetition 
of Lemma 9.2 in [6] (cf. Proposition 4.5 in [30]). 
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Lemma 5.5. We choose X and So ( < So < S ) so that S~ (t) does not have any generalized eigenvalues 
whose absolute values are equal to A for —So <t<So- Then the product 



■PPo,[o,A]WeDet(i/|^^(Af,£;)) 



is independent of t Cz {—So,So)- 



We recall that V*'^'^"'' is the trivial connection on the trivial line bundle M x C and denote by 
'Sevirn'r' (^) the odd signature operator corresponding to the trivial connection V*'''^"*' and Riemannian 
metric gf^ . Then we have the following result. 



Lemma 5.6. For large enough A G R, 

' U Z oven, / 

is independent of t ^ (—(5,(5). 

Proof. From the definition of rj{B^^^^\ p_ it)) and "ni^^cvcnV^-^f^ (^)) i^^- Definition 13. 3p . it is straightfor- 
ward that ri{B^^^^}^-p_ cq^^)) ^^'^ '7('^i:von p^^c] (0) ^I's, on modulo Z, independent oft. Since 

CoroUarv 14.81 implies that (|5.9p is independent of t e {—S,5) up to modulo Z. Theorem 12.211 shows 
that has no zero eigenvalue nor pure imaginary eigenvalues for large enough A G R and Lemma 

12.111 shows that the kernel of ^ {t) is a topological invariant and hence independent of t. These 

facts show that both ri(B'^^'^\, ^ (t)) and ?7gtriviai ^'"^ continuous with respect to t and have no 

integer jump, which completes the proof of the lemma. □ 

Summarizing the above argument, we obtain the following result. 

Theorem 5.7. Let (Af, g^^) be an odd dimensional compact oriented Riemannian manifold with boundary 
Y, where g*^ is a product metric near the boundary. Let {E,W , h^) be aflat complex vector bundle over 
M with a fiat connection V and assume the Assumption A and B made in Subsection 2.5. Then 

„ ~ ^(rank£;)»7 trivial (omAO) 

Pan,vS9'',^) p{Vo,V,9'')-e <^™„,._,,„<« 

~ ^(rank_E)j7 trivial („M,(0) 

are independent of the choice of the Agmon angles and invariant under the change of metrics in the 
interior of M . 

Finally, we define the refined analytic torsion as an element of a determinant line as follows. 

Definition 5.8. Under the same assumptions as in Theorem \5.T\ we define the refined analytic torsions 
PanVa ~ P an Vo^^'^^ ^'^^ "^""^ PanVi ~ PanvS^^ ^'^^ ^^^^ rcspcct to the metric g^ and the boundary 
conditions Vq, Vi by the elements defined in (15.101) . 
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5.4. Ray-Singer norm on the determinant line of cohomologies in case of Hermitian con- 
nections. When V is a Hermitian connection, Lemma 12.111 shows that the cohomologies iJ~ {M, E) 



obtained from the complex ()4.2|) is given as follows. 

iHi{M,Y;E) if q is even 



H^iM-^E) if q is odd. 



Unfortunately, we don't know so far whether (M, E) is a topological invariant or not for a general 

P . . 

flat connection V. Hence, in this subsection we discuss briefly the Ray-Singer norm on the determinant 
line of the cohomologies only when V is a Hermitian connection. 

We remind that B% is a non-negative self-adjoint operator when V is a Hermitian connection and hence 
we take — tt as an Agmon angle. For A > the cohomologies of (Af , E) is naturally isomorphic to 



[M,E) (Lemma [531). We define the determinant lines Det {vt'-""^^ ^^{M , E)^ and Det {h^ {M,E) 

as in (|5.5p . Then Det a]^"^^' naturally isomorphic to Det (^H^ [M, E)^ and we denote this 

natural isomorphism by (j)x, i.e. 

: Det (M, E)) ^ Det (i?^^ (M, E)) . (5.11) 

The scalar product ( , ) a/ on {M, E) defined by and induces a scalar product on 

Det {rr~°°^^ ^^{M , E)^ . Let || • \\x denote the metric on Det {M,E)^ such that the isomorphism 

(|5.1ip is an isometry. We define the Ray-Singer norm on Det {^H~^ {M,E)j by 



loftfff?- (M,E)) II ■ IIa ■ ^(a'^oo)(^)' (5-12) 



where T^^^-^CV) is defined by 



rpRS 

-'(A,oo) 



I 1 I 

(V) exp <j - ^(-1)^9 • logDet_, {^^M^^^ ^,(^^^^») f ' ^^'^^^ 

q=0 °' 



The definition (j5.12p does not depend on the choice of A. Since F is a unitary, self-adjoint operator with 
respect to the scalar product ( , we have || I|a= 1 and hence 

II Pan,Vo^^^ llDct(_ffi {M,E)) = 1- 
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